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ABSTRACT
We evaluate several basic electrodynamic processes as modified by the presence of a
very strong magnetic field, exceeding BQ ≡ m2/e = 4.4 × 1013 G. These results are
needed to build models of dissipative phenomena outside magnetars and some other
neutron stars. Differential and total cross sections and rates are presented for electron-
photon scattering, the annihilation of an electron-positron pair into two photons, the
inverse process of two-photon pair creation, and single-photon pair creation into the
lowest Landau state. The relative importance of these interactions changes as the back-
ground magnetic field grows in strength. The particle phase space relevant for a given
process may be restricted by single-photon pair creation, which also opens up efficient
channels for pair multiplication, e.g. in combination with scattering. Our results are
presented in the form of compact formulae that allow for relativistic electron (positron)
motion, in the regime where Landau excitations can be neglected (corresponding to
103BQ  B  BQ for moderately relativistic motion along the magnetic field). Where
a direct comparison is possible, our results are tested against earlier calculations, and a
brief astrophysical context is provided. A companion paper considers electron-positron
scattering, scattering of electrons and positrons by ions, and relativistic electron-ion
bremsstrahlung.
Keywords: radiation mechanisms: general – relativistic processes – scattering – stars:
magnetars
1. INTRODUCTION
The electromagnetic interactions of electrons and positrons are strongly modified, and frequently
complicated, by the presence of an ultrastrong magnetic field (Harding & Lai 2006). Considerable
attention has previously been given to the resonant scattering of photons by e± (see Melrose & Parle
1983b; Bussard et al. 1986; Daugherty & Harding 1989; Harding & Daugherty 1991; Gonthier et al.
2000) in the magnetospheres of pulsars and magnetars, involving Landau excitations in intermediate
states. But close to the surface of a magnetar, the magnetic field is so strong that interacting electrons
and positrons may be substantially confined to the lowest Landau state. The hard X-ray emission of
magnetars, which rises to at least 100 keV (Kuiper et al. 2006; Mereghetti et al. 2006), may probe
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a plasma state consisting of a relatively dense gas of trans-relativistic electrons, positrons, and ions
near the neutron star surface (Thompson & Beloborodov 2005). Related physical conditions are
encountered in pair-loaded coronae around bursting magnetars (Thompson & Duncan 2001) and in
the magnetospheres of inspiraling and colliding neutron stars (Hansen & Lyutikov 2001).
Near the magnetar surface, electron-photon scattering is nonresonant but still substantially
anisotropic, and quantum recoil effects are important. Bremsstrahlung becomes an important source
of hard X-rays, and the behavior of electrons and positrons is modified by both scattering off ions in
the upper atmosphere of the neutron star and mutual electron-positron scattering. The annihilation
of electrons and positrons is suppressed as the magnetic field B rises above BQ ≡ m2/e (Daugherty
& Bussard 1980), but the cross section for photon collisions into e± pairs is enhanced compared with
an unmagnetized vacuum (Kozlenkov & Mitrofanov 1986).
The preceding literature provides incomplete coverage of these quantum electrodynamic (QED)
processes. Consider, for example, electron-photon (Compton) scattering. Classical and quantum
descriptions of this process in a strong magnetic field were worked out some time ago: see Canuto et al.
(1971), Ventura (1979), and Daugherty & Harding (1986), Harding & Daugherty (1991), respectively.
The full QED description involves a complicated sum over intermediate-state Landau levels. A more
compact result for the cross section is of value in concrete (e.g. Monte Carlo) calculations and, as we
show, is well motivated when (i) the energy of Landau excitations is much larger than the electron
rest mass m, corresponding to B  BQ, but (ii) nonlinearities due to vacuum polarization are still
weak (B  10α−1emBQ ∼ 103BQ; Harding & Lai 2006).
A significant benefit of such a compact formulation is that additional effects, such as the conversion
of a scattered or emitted photon into an electron-positron pair, are much easier to analyze. These
have a rich behavior and, as we show, have significant impact on the net rates of electron-photon
scattering or pair annihilation. Their analysis forms a significant part of this paper.
We first provide a brief overview of the QED rules in a background magnetic field that will allow
the reader to follow our calculations (Section 2). We adopt the same basic procedure for each
process considered: the QED calculation is performed from scratch, using the appropriate magnetized
electron/positron wave functions (Sokolov & Ternov 1968; Melrose & Parle 1983a), with incoming,
outgoing, and intermediate e± lines being restricted to the lowest Landau level. In some cases, such
as electron-photon scattering, the full Landau level sum had previously been worked out and our
result was found to be consistent with the truncation of the prior calculation (Section 3). In other
cases, the more complete calculation is sufficiently complex to have inhibited previous attempts at
calculations, especially those involving relativistic e± motion.
A variety of pair creation processes operate in the magnetar magnetosphere. In a background
magnetic field, a single photon is kinematically capable of creating a pair (Erber 1966; Berestetskii
et al. 1971). We derive the rate of single-photon pair creation in the regime where the created pair
is restricted to the lowest Landau level, using a detailed balance argument (Section 4.1). Then we
evaluate the rate at which electron scattering mediates the conversion of an energetic photon to a
pair (Section 4.2). This rate is greatly enhanced by a pole involving the annihilation of the incoming
electron with a virtual positron. An accurate analytic approximation to the cross section is derived
by integrating over this pole. Then in Section 4.3 we reconsider the collision of two gamma rays
into an e± pair (Kozlenkov & Mitrofanov 1986; Thompson 2008). The kinematic constraints on this
process are weakened in the presence of a strong background magnetic field: a soft photon is now able
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to trigger the conversion of a harder photon with an energy only slightly smaller than 2m. A simple
form for the collision cross section is written down in terms of invariants of the photon momenta.
Finally, we analyze two-photon pair annihilation in Section 5, which is suppressed in an ultrastrong
magnetic field by the concentration of the electron wave functions transverse to the magnetic field
(Daugherty & Bussard 1980). The cross section for annihilation is related to the cross section
for two-photon pair creation by an integral formula. We quantify how annihilation is restricted
by the reconversion of one (or both) final state photons to a pair. The net annihilation rate is
sharply suppressed as the annihilating pair becomes mildly relativistic. By the same token, the
annihilation of an electron and positron into a single photon – which is allowed in the presence of
the background magnetic field (Daugherty & Bussard 1980) – is almost completely suppressed by
the rapid reconversion of the photon to a pair.
Our results are summarized in Section 6. A companion paper (Kostenko & Thompson 2018)
evaluates several other relevant QED processes in a strong magnetic field, including electron-positron
scattering, e±-ion scattering, and relativistic e±-ion bremsstrahlung.
We adopt natural units (~ = c = kB = 1) throughout this paper, along with the (+−−−) metric
signature. The Dirac gamma matrix convention is the same as that used by Melrose & Parle (1983a),
γ0 =
(
1 0
0 −1
)
; γj =
(
0 σj
−σj 0
)
, (1)
where each 0 and 1 element denotes a 2 × 2 matrix, and σj are the usual Pauli matrices. Landau
gauge A = Bxyˆ is chosen for the background vector potential, and we alternatively use Cartesian
coordinates (x, y, z) and spherical coordinates (θ, φ) (with the axis θ = 0 aligned with zˆ) to describe
the wavevectors of interacting particles.
2. QED INTERACTIONS IN A BACKGROUND MAGNETIC FIELD
We now review some basic properties of electron/positron and photon states in a background
magnetic field, in preparation for our evaluation of various cross sections. The main choice to be
made is of the electron/positron wave function, in which we follow Sokolov & Ternov (1968) and
Melrose & Parle (1983a). Then the wave function of an electron moving along the magnetic field
is connected by a simple Lorentz transformation to the wave function of an electron at rest. Two
considerations lead us to limit the strength of the background magnetic field to . 103BQ: (i) vacuum
polarization significantly modifies the photon dispersion relation in stronger magnetic fields (Adler
1971), and (ii) the decay rate of a photon of energy ω > 2m becomes of the order of ω, so that a
propagating photon state loses meaning.
2.1. Photons
The two polarization states of photons of frequency ω  |e|B/m = (B/BQ)m show a strong
asymmetry in their scattering and emission cross sections (Meszaros & Ventura 1979; Harding & Lai
2006). The ordinary (O) mode interacts much more strongly with electrons than the extraordinary
(E) mode, because a significant component of its electric vector is directed along the background
magnetic field. The O-mode cross sections for electron scattering and bremsstrahlung emission are
comparable in magnitude to the unmagnetized values. This asymmetry disappears in a narrow range
of propagation directions about the magnetic axis; it also disappears at a critical electron density
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where the contributions of vacuum polarization and plasma to the dielectric tensor nearly cancel
(Harding & Lai 2006).
The photon wave function is normalized as
Aµ(xν) =
εµ
(2ωL3)1/2
e−ik·x; kµ = ω(1, kˆ). (2)
Here, kµ and εµ are the wavevector and polarization 4-vectors, and L3 is a normalization volume.
Excepting near a vacuum-plasma resonance, both polarization modes are highly elliptically polarized.
A photon propagating in the direction kˆ = (kˆx, kˆy, kˆz) = (sin θ cosφ, sin θ sinφ, cos θ) has a unit
electric vector parallel to kˆ × Bˆ in the E-mode, and parallel to kˆ × (kˆ × Bˆ) in the O-mode, i.e.,
εzO = sin θ; ε
±
O = ε
x
O ± iεyO = − cos θe±iφ. (3)
For the hard X-rays and gamma rays of interest here, vacuum polarization is the dominant correction
to the dielectric response, and the expressions given for εiO,E are essentially exact: they are accurate
to O(4pin±mec2/B2), where n± is the number density of electrons and positrons (Meszaros & Ventura
1979).
When Landau resonances are kinematically forbidden, the polarization dependence of the processes
we consider reduces to a dependence on εz. This effectively decouples the E-mode:
εzE = 0; ε
±
E = ∓ie±iφ. (4)
The coupling to the E-mode is restored when virtual Landau excitations are included in a matrix
element. This introduces terms in each matrix element involving the ε± polarization components, but
with a magnitude suppressed by ∼ mω/eB at frequencies well below the first Landau resonance. This
means that the nonresonant E-mode cross section is generally suppressed by a factor ∼ (mω/eB)2
compared with that of the O-mode.
2.2. Electrons and Positrons
Quantum states of an electron or positron of charge q = ∓e in a magnetic fieldB =∇×A = Bzˆ are
characterized by two conserved components of the generalized momentum: a longitudinal momentum
pz, and a gauge-dependent transverse momentum qA marking a center of gyration x± in the plane
perpendicular to B. In the Landau gauge A = Bxyˆ, the electron wave function is localized in
coordinate x, within a strip of width ∼ λB ≡ (|e|B)−1/2 = (B/BQ)−1/2m−1.
This means, for example, that an electron which absorbs momentum −∆ky by scattering a photon
will see its center of gyration shift by ∆x− = +∆ky/|e|B = λ2B ∆ky; and that an annihilating pair of
positive and negative electrons whose centers of gyration x± are displaced relative to each other will
emit photon(s) carrying net y-momentum ∆ky = |e|B(x+−x−). On the other hand, in this particular
gauge there is no conserved x-momentum, meaning that the x-momentum carried by photons in the
final state is constrained only by the conservation of energy. The total cross section and the kinematic
constraints on it are of course always independent of this gauge choice1.
The energy levels of the electron or positron are (Berestetskii et al. 1971)
E2 = p2z +m
2 + |q|B(2l + 1)− qBσ, (5)
1 In a classical approximation, the translational invariance of the magnetic field implies the conservation of transverse
canonical momentum p+ qA, and one recovers the Lorentz force dp/dt = −q [∂A/∂t+ (v ·∇)A] = qv ×B.
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where l ≥ 0 is an integer labeling the orbital angular momentum of the mode, and σ is the eigenvalue
of the spin operator:
Σz =
(
σz 0
0 σz
)
(6)
as evaluated in the particle rest frame (pz = 0). Here, σz is the 2× 2 dimension Pauli matrix. In the
lowest Landau state (E = m), the electron has spin σ = −1 and the positron σ = +1, as expected
from the nonrelativistic expansion of the Dirac equation. These spin labels can be continuously
extended to finite pz, as described in Section 2.3.
The localization of the electron wave function transverse to the magnetic field depends on the sum
of the last two terms on the right-hand side of Equation (5), and so we adopt the simplified notation
E2 = p2z +m
2 + p2n; p
2
n ≡ 2n|e|B ≡ E2n0 −m2, (7)
where n = l + 1
2
[1− σ · sgn(q)].
In what follows, we assume that the initial electron or positron sits in the lowest Landau state,
given the short timescale for radiative de-excitation from n > 0. Particles in all processes are also
assumed to carry a small enough kinetic energy to prevent excitations to n > 0 in the final state, or
in resonances.
2.3. Dirac Spinors
The electron/positron wave functions are written, following Sokolov & Ternov (1968) and Melrose
& Parle (1983a), as [
ψ
(σ)
∓ (x
µ)
]
pz ,n,a
=
{
e−ip·x u(σ)n,a(x) (electrons);
eip·x v(σ)n,a(x) (positrons).
(8)
Here, σ = ±1 labels the spin state, a the center of gyration, and pµ the momentum 4-vector,
pµ = (E, 0, py, pz); py = aqB = sgn(q)
a
λ2B
. (9)
Under charge conjugation, the sign of pµ reverses, and so the gyration center remains fixed.
The choice of the positive- and negative-energy spinors u
(σ)
n,a(x), v
(σ)
n,a(x), is guided by the requirement
that for finite pz they be continuously related to the spinor of a particle at rest. Their general form
is (Johnson & Lippmann 1949) 
C1φn−1(x)
C2φn(x)
C3φn−1(x)
C4φn(x)
 , (10)
where the φn are harmonic oscillator wave functions,
φn(x− a) = 1
L(pi
1
2λB2nn!)
1
2
Hn
(
x− a
λB
)
e−(x−a)
2/2λ2B , (11)
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and Hn is the n
th-order Hermite polynomial. For a particle at rest (pz = 0),
C1
C1
C3
C4
 = 1√2En0(En0 +m)


En0 +m
0
0
ipn
Dσ=+1 +

0
En0 +m
−ipn
0
Dσ=−1
 . (12)
Here,  = +1(−1) corresponds to positive (negative) energy states. It is easy to check that these
spinors are eigenstates of the z-component of spin,∫
d3xψ¯Σzψ = D
2
σ=+1 −D2σ=−1 = ±1. (13)
Hence, Dσ=+1 = 1 (Dσ=−1 = 1) corresponds to a state of spin-up (spin-down). In the lowest Landau
state n = 0, only Dσ=−1 = 1 is available for the positive-energy state (the function φn is undefined
for n = −1).
To obtain the spinors at finite pz, one applies the Lorentz boost parallel to B,
ψ → exp
(
−1
2
αzρ
)
ψ; αz =
(
0 σz
σz 0
)
. (14)
Here, β ≡ tanh(ρ) is the speed of the boost, so that γ = cosh(ρ). Taking into account that α2z = I,
we have
exp
(
−1
2
αzρ
)
= I cosh
(
1
2
ρ
)
− αz sinh
(
1
2
ρ
)
. (15)
Applying this transformation to the spinors in Equation (12), and dividing by
√
γ to compensate
for the longitudinal contraction of the wave packet under the boost, one obtains
u(−1)n,a (x) =
1
fn

−ipzpnφn−1
(E + E0n)(E0n +m)φn
−ipn(E + E0n)φn−1
−pz(E0n +m)φn
 ; u(+1)n,a (x) = 1fn

(E + E0n)(E0n +m)φn−1
−ipzpnφn
pz(E0n +m)φn−1
ipn(E + E0n)φn
 (16)
for the positive-energy spinors and
v(+1)n,a (x) =
1
fn

−pn(E + E0n)φn−1
−ipz(E0n +m)φn
−pzpnφn−1
i(E + E0n)(E0n +m)φn
 ; v(−1)n,a (x) = 1fn

−ipz(E0n +m)φn−1
−pn(E + E0n)φn
−i(E + E0n)(E0n +m)φn−1
pzpnφn
 (17)
for the negative-energy spinors. Here, we introduce fn = 2L
√
EE0n(E0n +m)(E0n + E). It
is straightforward to check that u
(±1)
n,a and v
(∓1)
n,a are connected by exchanging σ, pz, E, E0n →
−σ,−pz,−E,−E0n.
The wave functions derived by Johnson & Lippmann (1949) do not have this property of being
continuously related by a Lorentz transformation to the wave function of an electron/positron with
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vanishing pz. Wave functions equivalent to ours (up to a trivial phase factor) can alternatively be
derived by requiring them to be eigenstates of an appropriately defined magnetic moment operator
(Sokolov & Ternov 1968; Melrose & Parle 1983a).
All the cross sections evaluated in this paper are independent of the choice of spinor basis, since they
are effectively summed (averaged) over the single admissible spin state of each outgoing (ingoing)
electron or positron (Melrose & Parle 1983a).
2.4. Rules for Calculating Matrix Elements
We complete our review of QED amplitudes in strong magnetic fields by summarizing the Feynman
rules as expressed in coordinate space and some computational procedures.
1. A vertex between photon and electron lines is written as the integral
−ie
∫
d4x
[
ψ¯
(σI)
− (x)
]
pz,I ,nI ,aI
γµA
µ(x)
[
ψ
(σi)
− (x)
]
pz,i,ni,ai
= − ie
(2ωL3)1/2
∫
d4x e−i(pi±k−pI)·x u¯(σI)nI ,aI (x)γµε
µu(σi)ni,ai(x). (18)
Here, i and I label incoming and internal positive-energy electron states, respectively, and the photon
is either absorbed (wavevector +kµ) or emitted (−kµ). The vertex between an incoming electron and
an internal positron is obtained by substituting −pI and v¯(−σI)nI ,aI for pI and u¯(σI)nI ,aI .
2. An internal electron line is represented by the propagator in coordinate space,
GF (x
′ − x)=−i
∫
L
daI
2piλ2B
∫
L
dpz,I
2pi
∞∑
nI=0
[
θ(t′ − t)
∑
σI
u(σI)nI ,aI (x
′)u¯(σI)nI ,aI (x)e
−iEI(t′−t)eipI ·(x
′−x)
−θ(t− t′)
∑
σI
v(σI)nI ,aI (x
′)v¯(σI)nI ,aI (x)e
iEI(t
′−t)e−ipI ·(x
′−x)
]
. (19)
3. The combined integral over t and t′ generates a combination of an energy delta function and an
energy denominator:
∓i
∫
dt
∫
dt′θ[∓(t− t′)] ei(Ef+ωf∓EI)t′ e−i(Ei+ωi∓EI)t = 2piδ(Ei + ωi − Ef − ωf )
Ei + ωi ∓ EI . (20)
Here, i and f label incoming and outgoing particles. The contribution of an excited Landau state to a
given term in the matrix element is suppressed by a factor E−1I ' (2n|e|B)−1/2 away from resonance.
However, the suppression of the net rate is generally stronger as the result of a cancellation between
Sfi[1] and Sfi[2].
4. The contraction of the electric polarization vector with γ matrices is
γ0γµε
µ
i = −

0 0 εzi ε
−
i
0 0 ε+i −εzi
εzi ε
−
i 0 0
ε+i −εzi 0 0
 ; (i = O,E). (21)
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5. The matrix element Sfi includes energy and momentum delta functions that, once squared, are
handled according to (e.g. in the case of Compton scattering)
[2piδ(pz,i + kz,i − pz,f − kz,f )]2 → L(2pi)δ(pz,i + kz,i − pz,f − kz,f );[
2piδ
(
ky,i − ky,f − ai − af
λ2B
)]2
→ L(2pi)δ
(
ky,i − ky,f − ai − af
λ2B
)
;
[2piδ(Ei + ωi − Ef − ωf )]2 → T (2pi)δ(Ei + ωi − Ef − ωf ).
Here, T is the normalization time.
The delta function in py has a term from the change in the guiding center a of the scattering charge.
No delta function in px appears for our choice of background gauge. For the sake of brevity, such a
combination of delta functions will be written in the following way:
δ
(3)
fi (E, py, pz). (22)
6. Summing over the phase space of a final-state photon involves the integral∫
L3
ω2fdωfdΩf
(2pi)3
, (23)
where Ωf is solid angle. For a final-state electron or positron, there is no sum over the x-component
of momentum, hence the integral
|e|B
2pi
∫
Ldaf
∫
L
dpz,f
2pi
=
∫
L
daf
2piλ2B
∫
L
dpz,f
2pi
. (24)
3. ELECTRON-PHOTON SCATTERING
We first consider nonresonant electron-photon scattering, e± + γ → e± + γ, as modified by a
strong magnetic field (Figure 1). Previous QED calculations (Herold 1979; Melrose & Parle 1983b;
Bussard et al. 1986; Daugherty & Harding 1986; Harding & Daugherty 1991; Gonthier et al. 2000;
Baring et al. 2005) have focused on the situation where the initial photon is energetic enough to
excite the scattering charge to a higher Landau level. We consider the case where Landau resonances
are kinematically forbidden even for initial photon energies around m. We demonstrate a good
agreement between a truncated formula for the nonresonant scattering cross section and the full
QED result. In this situation, the initial photon energy is restricted by single-photon pair creation;
photons approaching this pair creation threshold have an enhanced scattering cross section.
The kinematic relation between the initial and final electron states is modified compared with the
vacuum case, because kinetic momentum is conserved only in the direction parallel to B. (As will
be the case throughout this paper, the labeling of initial and final particle states is contained in the
accompanying Feynman diagrams.) The photon frequency shift following scattering off an electron
at rest (from direction cosine µi = cos θi to µf = cos θf ) is
ωf − ωi = 1
1− µ2f
(
ωi(µf − µi)µf +m−
√
ω2i (µf − µi)2 + 2mωi(µf − µi)µf +m2
)
. (25)
This is derived by invoking the conservation of energy and longitudinal momentum, ωi + m = ωf +
(p2z +m
2)1/2 and µiωi = µfωf + pz, to obtain the quadratic equation
(ωi +m− ωf )2 = (µiωi − µfωf )2 +m2. (26)
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Figure 1. Feynman diagrams for Compton scattering.
Although the outgoing photon frequency depends on three quantities (ωi, µi and µf ), the frequency
shift depends only on µf and ωi(µf−µi) (Figure 2). This expression reduces to ωf ' ωi(1±µi)/(1±µf )
when ωi|µf − µi|  m, with the upper (lower) sign corresponding to µf > µi (µf < µi).
3.1. Cross Section for B  BQ
There is a considerable simplification in the electron-photon scattering cross section when Landau
resonances can be neglected in both intermediate and final electron/positron lines. The formula for
the cross section becomes weakly dependent on background magnetic field strength B, for the simple
reason that an electron begins to behave like a “bead on a wire.” In the case where the initial electron
is at rest, we find for the differential cross section
1
2pi
dσ
dµf
=
r2e
2
ωf
ωi
|F |2m2
Ef (Ef +m)
|εzi |2|εzf |2
1− βfµf , (27)
where re = e
2/4pim = αem/m is the classical electron radius, ~εi,f labels the unit electric vector of the
incoming and outgoing photons, βf = pz,f/Ef , and
|F | ≡
∣∣∣∣∣ 4m(2m+ ωi − ωf )[2m+ ωi(1− µ2i )] [2m− ωf (1− µ2f )]
∣∣∣∣∣ . (28)
The differential cross section is plotted in Figure 3. The low-frequency behavior is consistent with
the classical result (Canuto et al. 1971)
1
2pi
dσ
dµf
= r2e |εzi |2|εzf |2 = r2e sin2 θi sin2 θf . (29)
The high-frequency behavior is more interesting. Even when the initial photon energy lies well below
the first Landau resonance, the scattering cross section spikes (but does not diverge) at a value of ωf
(and therefore ωi) somewhat larger than 2m. This spike arises from the pole in the matrix element
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Figure 2. Photon frequency shift by electron scattering. Curves correspond to final direction cosine µf
ranging from −1 to 1 in steps of 0.2.
associated with annihilation of the initial electron with a virtual positron into the final-state photon
(Herold 1979; Daugherty & Harding 1986). It appears at a lower photon frequency than the first
Landau resonance (energy (m2 + 2|e|B)1/2 −m) if B > 4BQ.
The partial cross section for scattering into non-pair-creating states is shown in Figure 4. The
high-energy behavior of the total cross section is opposite to the Klein-Nishina result for scattering
in vacuum: the cross section grows as ω rises above m. Nonetheless, scattering is still suppressed
for photons that have a large energy owing to relativistic motion of the scattering charge along B
(Lorentz factor γ  1), because the sin2 θi factor decreases as ∼ 1/γ2.
The high-frequency dip in the curves shown in Figure 4 represents the opening up of the final-state
phase space to pair creation over some range of scattering angles. A scattered photon can convert
directly to an electron-positron pair if ωf sin θf > 2m, meaning that the cross section for scattering-
assisted pair creation, e± + γ → e± + e+ + e− can substantially exceed the vacuum value. This
phenomenon is examined in more detail in Section 4.
More generally, a high-frequency Klein-Nishina scaling for the scattering cross section – which is
approached in the case of scattering at high-order Landau resonances in sub-QED magnetic fields
(Gonthier et al. 2000) – loses meaning as B rises above 4BQ, because the scattered photon has a high
probability of converting to a pair (Beloborodov & Thompson 2007).
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Figure 3. Differential nonresonant electron scattering cross section versus initial photon frequency ωi (top
panels) and final photon direction cosine µf (bottom panels), in the regime B  BQ. Curves in the top
panels represent |µf | = 0, 0.2, 0.4, 0.6. Black curves: µf > 0; blue curve: µf = 0; red curves: µf < 0. The
cross section rises as the scattered photon approaches the threshold for single-photon pair creation. In the
bottom panels, the blue curve marks the classical limit, and black and red curves are used for clarity. Dotted
curve: the final-state photon rapidly converts to an electron-positron pair.
3.2. Finite-B Correction to the Cross Section
A simple correction to the electron-photon scattering cross section representing a finite magnetic
field is available. The overlap of the photon wave function (wavevector kµ) with a pair of harmonic
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Figure 4. Integral nonresonant electron scattering cross section plotted versus initial photon frequency ωi
for a range of initial direction cosine µi, in the regime B  BQ. The high-frequency peak marks the opening
up of pair conversion in the final state (see Figure 6).
oscillator wave functions, such as appears in the scattering matrix, yields a factor e−λ
2
B(k
2
x+k
2
y)/4:∫
d3xeik·xφn(x− a)φ0(x− b)e−iay/λ2B
(
e−iby/λ
2
B
)∗
eipz
(
eiqz
)∗
=
(2pi)2
(2nn!)
1
2
δ
(
ky − a− b
λ2B
)
δ(kz + p− q)e−λ2Bk2⊥/4eikx(b+λ2Bky/2)λnB(−ky + ikx)n,
(30)
as derived by Daugherty & Bussard (1980). Including both photon vertices, the cross section is
multiplied by
σ → e−λ2B(k2⊥,i+k2⊥,f )/2 σ; k2⊥ = k2x + k2y. (31)
In Figure 5 we compare the integral cross section derived from Equations (27) and (28), with and
without this correction, with the full sum over intermediate Landau states to be found in Herold
(1979), Melrose & Parle (1983b), Bussard et al. (1986), Daugherty & Harding (1986), and Harding
& Daugherty (1991). There is very good agreement for B = 100BQ in both cases, and excellent
agreement for B = 4BQ and 10BQ including the correction.
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Figure 5. Comparison of the exact cross section for electron-photon scattering from ni = 0 to nf = 0 (red
curves) and the result obtained from truncated expansion in intermediate Landau level, with the additional
correction factor (31) included (overlying dotted black curves). Background magnetic field ranges from
B = 4BQ (the threshold value above which the first Landau resonance is superseded by e
± conversion) to
10BQ and 100BQ. Blue curve: the large-B limit given by Equation (27), which coincides very nearly with
the uppermost curve (B = 100BQ).
3.3. Derivation
Although the electron-photon scattering cross section in a strong magnetic field is already well
covered in the literature, we briefly review its derivation here and the Appendix. Various components
of the calculation will find use in later sections, and some of the other processes considered (two-
photon pair annihilation and creation) are related by crossing symmetry. The calculation is based
on the rules summarized in Section 2.4.
The cross section is obtained from the integral
σ =
L3
T
∫
L
daf
2piλ2B
∫
L
dpz,f
2pi
∫
L3
ω2fdωfdΩf
(2pi)3
∣∣Sfi[1] + Sfi[2]∣∣2. (32)
The initial electron is assumed to be at rest, so that the conservation of energy and longitudinal
momentum are given by m+ ωi = Ef + ωf and kz,i = pz,f + kz,f , leading to the recoil formula (25).
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The two terms in the S-matrix correspond to the two diagrams in Figure 1. The first is
Sfi[1] = −ie2
∫
d4x
∫
d4x′
[
ψ¯
(−1)
− (x
′)
]
pz,f ,nf ,af
γνA
ν(x)∗Gf (x′ − x)γµAµ(x)
[
ψ
(−1)
− (x)
]
pz,i,ni,ai
, (33)
where ni = nf = 0, and the electron and photon wave functions are given in Secs. 2.1-2.3. The second
term in Sfi is related to Sfi[1] by an interchange of photon labels: ωi ↔ −ωf and kz,i ↔ −kz,f .
Substituting for the electron propagator from Equation (19), and restricting the sum over interme-
diate Landau levels to nI = 0, σ = −1/ + 1 (for electrons/positrons), the first term in Sfi becomes
Sfi[1] =
−ie2
2
√
ωiωfL3
(
L
2pi
)2
2piδ(Ef + ωf −m− ωi)
∫
dpz,I
∫
daI
λ2B
(
I1I2
m+ ωi − EI +
I3I4
m+ ωi + EI
)
.
(34)
Here,
I1 =
∫
d3x
[
u
(−1)∗
0,aI
(x)
]T
γ0γµε
µ
i e
iki·xu(−1)0,ai (x)e
i(pi−pI)·x⊥+i(pz,i−pz,I)z (35)
and
I2 =
∫
d3x′
[
u
(−1)∗
0,af
(x′)
]T
γ0γν
(
ενfe
ikf ·x′
)∗
u
(−1)
0,aI
(x′)ei(−pf+pI)·x
′
⊥+i(−pz,f+pz,I)z′ . (36)
The integral I3 is obtained from I1, and I4 from I2, by substituting the negative-energy wave function
v
(+1)
0,aI
for the positive-energy wave function u
(−1)
0,aI
, and taking pI → −pI .
These integrals are evaluated the Appendix, where use is made of the overlap integral (30). We
find
Sfi[1]=
−ie2
2
√
ωiωfL5
e−ikx,f (af−ky,fλ
2
B/2) e−λ
2
B(k
2
i,y+k
2
⊥,f )/4
εzi (ε
z
f )
∗
[2Ef (Ef +m)]
1
2
ωi(Ef +m) + pz,fkz,i
(m+ ωi)2 − E2I
×
(2pi)3δ
(3)
fi (E, py, pz) (37)
where E2I = p
2
z,I +m
2 = k2z,i +m
2. Adding Sfi[2] to this and taking λB → 0, one obtains a factor
F =
ωi(Ef +m) + pz,fkz,i
(m+ ωi)2 −m2 − k2z,i
e−ikx,faf +
−ωf (Ef +m)− pz,fkz,f
(m− ωf )2 −m2 − k2z,f
e−ikx,fai . (38)
Substituting kz = µω, and making use of energy-momentum conservation, we obtain the expression
(28) that appears in Equation (27). The differential cross section is obtained by substituting Sfi[1] +
Sfi[2] into Equation (32) and performing the pz,f , af and ωf integrals. The factor (1−βfµf )−1 comes
from integrating over the combination of the pz and E delta functions.
4. ELECTRON-POSITRON PAIR CREATION
A strong magnetic field opens up new efficient channels for converting gamma rays to electron-
positron pairs (Erber 1966; Daugherty & Harding 1983; Gonthier et al. 2000; Beloborodov & Thomp-
son 2007). The single-photon channel γ → e+ + e− is now consistent with conservation of both mo-
mentum and energy, because the charges carry a generalized transverse momentum qA, and because
the Lorentz invariance of the vacuum state is broken. The scattering of a sufficiently energetic gamma
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ray off an electron can also mediate pair creation through the single-photon channel, achieving a high
cross section over a narrow range of frequencies.
Here, we are interested in the conversion of a photon (or photons) into a pair confined to the
lowest Landau state. The conversion rate for a single photon is easily obtained using a detailed
balance argument from the cross section for single-photon annihilation, which was calculated by
Wunner (1979) and Daugherty & Bussard (1980). We next consider the scattering of a photon below
the Landau resonance into a pair-creating state, extending the calculation of Section 3. The cross
section of this process is strongly enhanced when the final-state photon resonates with the initial
electron and a virtual positron (a u-channel resonance). The cross section averaged over frequency
significantly exceeds pir2e , and indeed can exceed the cross section for scattering at the first Landau
resonance (where the final-state photon can directly convert to a pair only if B > 4BQ: Beloborodov
& Thompson 2007).
Importantly for the application to magnetars, the cross section for photon collisions, γ+γ → e++e−,
is strongly enhanced compared with the unmagnetized vacuum, by a factor of ∼ B/BQ. A calculation
including the full intermediate Landau level sum can be found in Kozlenkov & Mitrofanov (1986),
and the regime B  BQ is addressed by Thompson (2008). We consider the strong-field regime more
fully here. The kinematic threshold for photon collisions differs significantly from the unmagnetized
case, and the cross section is further enhanced when one of the colliding photons has a low frequency.
Our main focus is on the conversion of O-mode photons to pairs. E-mode photons couple weakly to
electrons by scattering, with a cross section that is suppressed by a factor of ∼ (B/BQ)−2 at energy
∼ m. The cross section for a collision with a second photon is similarly suppressed. High-energy
E-mode photons are further depleted by splitting into two photons (Adler 1971), a process that is
kinematically allowed for the E-mode but forbidden for the O-mode 2.
4.1. Single-photon Pair Creation into the Lowest Landau Level
The energy of a photon cannot be reduced arbitrarily by a Lorentz boost in the presence of a
background magnetic field, because only a boost parallel to B leaves the background invariant. The
energy is minimized in the frame where k ·B = 0; hence, the threshold energy for pair creation is
ωmin =
2m
sin θ
(39)
for the ordinary polarization mode.
To obtain the conversion rate, we start with the cross section of the inverse process of single-photon
annihilation of an electron and positron (Wunner 1979; Daugherty & Bussard 1980),
2|pz|
E
σann = 2pi
2αem
E2
BQ
B
e−2(BQ/B)
2(E/m)2 . (40)
This is evaluated in the center-of-momentum frame, with electron/positron momenta ±pz and kinetic
energies (p2z+m
2)1/2, corresponding to perpendicular propagation of the photon. The annihilation rate
per electron is suppressed by a factor of ∼ BQ/B compared with vacuum (where (2|pz|/E)σann = pir2e
in the nonrelativistic regime; Berestetskii et al. 1971), because the e± wave functions are concentrated
in an area of ∼ m−2BQ/B transverse to the magnetic field.
2 Splitting of one photon into two daughters only conserves energy and momentum if the index of refraction of one
or both of the daughter photons is larger than the index of refraction of the initial photon. Since nO > nE in magnetic
fields both larger and smaller than BQ, only splitting of the E-mode is allowed (e.g. Harding & Lai 2006).
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Consider now a thermal gas of pairs and photons at uniform temperature T with densities
dn±
dpz
=
|e|B
(2pi)2
N±;
d2nγ
dωdΩ
=
ω2
(2pi)3
Nγ, (41)
where Nγ = (e
ω/T − 1)−1, N± = (eE/T + 1)−1. Then detailed balance implies the following relation
for the decay rate Γ± into a pair:
∆ω∆Ω
d2nγ
dωdΩ
Γ± · (1−N±)2 =
[
∆pz
dn±
dpz
]2
2|pz|
Ep
σann · (1 +Nγ). (42)
Substituting ω = 2E and the Jacobian factor ∆ω∆Ω/∆p2z = 4pi|pz|/Eω, and boosting to a general
frame gives
Γ±(ω, θ) = 2αem
B
BQ
m4
ω2⊥(ω
2
⊥ − 4m2)1/2
e−(BQ/2B)(ω⊥/m)
2
sin θ; ω⊥ = ω sin θ. (43)
One observes that the annihilation rate per unit volume is enhanced by a net factor of ∼ B/BQ
compared with a thermal pair plasma in the absence of the magnetic field. The pair creation rate per
photon is therefore enhanced by the same factor, because the photon phase space does not depend
directly on B. The same conclusion applies for two-photon pair creation (Section 4.3).
4.2. Compton-assisted Pair Creation
The scattering cross section (27), as derived for a stationary target electron or positron, is strongly
peaked when the energy ωf of the final-state photon approaches 2m/(1 − µ2f ). This exceeds the
threshold (39) for single-photon pair creation, meaning that electron scattering can effectively mediate
pair creation, e±+ γ → e±+ e+ + e−. Figures 4 and 6 show that the cross section peaks strongly for
non-pair-converting final states when µi is small (the initial photon propagates nearly perpendicular
to the magnetic field) but peaks for pair-converting final states when µi → ±1. As we show here,
the cross section can be well approximated analytically in the latter regime.
The initial energy ωi of the photon must be large enough for it to have a chance at direct pair
conversion following scattering. To obtain the minimum ωi as a function of µi, we first consider
the final direction cosine µf at which the perpendicular energy sfωf is maximized. (Throughout
this section, we use the shorthand si,f ≡ sin θi,f = (1− µ2i,f )1/2.) Differentiating Equation (26) with
respect to µf , one finds that this maximum occurs at µf = µiωi/(ωi +m) and is equal to
(sfωf )max =
√
s2iω
2
i + 2ωim+m
2 −m. (44)
Requiring (sfωf )max > 2m gives the inequality s
2
iω
2
i + 2ωim > 8m
2, which is satisfied for
ωi >
√
1 + 8s2i − 1
s2i
m. (45)
This is shown as the black curve in Figure 7; in addition, the process of scattering-assisted pair
creation is interesting only if siωi < 2m. The threshold condition for pair creation is ωi > 4m in the
case of nearly longitudinal propagation.
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Figure 6. Partial cross section for electron scattering into a non-pair-creating final state (black lines; see also
Figure 4) and pair-creating final state (red solid lines). Curves are ordered from left to right by increasing
µi = 0, 0.1, ...0.9. Dotted red curves show the integral of the red curve over frequency starting from low ωi.
Dotted green lines show the analytic approximation obtained by substituting Equation (49) for the pole in
Equation (27), and green squares show the analytic approximation (50) to the frequency-integrated cross
section.
The pole in the cross section, seen in Equation (28), is regulated by taking into account the width
of the final-state photon, ωf → ωf − iΓ±/2, where the decay rate Γ± is given by Equation (43). Then
the denominator is replaced by[
(ωf −m)2 − E2I
]2 → [(1− µ2f )ω2f − 2mωf]2 +m2Γ2±. (46)
The first term on the right-hand side is minimized for a final-state photon energy and direction
ω∗f = ωi +m−
m
si
; µ∗f = µi
siωi −m
si(ωi +m)−m, (47)
corresponding to a final electron speed βf = pz,f/Ef = µi. The minimum value of this term is non-
vanishing, excepting when the initial photon approaches the threshold for one-photon pair creation,
siωi → 2m, which also implies the pole condition s2fωf → 2m. Near the pole, we set siωi = 2m−∆ω,
and the right-hand side of Equation (46) can be approximated as
4m2
[
∆ω +m
(
1 + si
si
)2 (
µf − µ∗f
)2]2
+m2Γ2±. (48)
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Figure 7. A photon propagating in direction µi can be scattered into a pair-creating final state only over
a restricted range of initial frequency ωi. The threshold ωf (1− µ2f )1/2 > 2m for single-photon pair creation
is achievable in the final state only to the right of the black line (Equation (45)); whereas the initial photon
is itself below the threshold for pair creation only to the left of the red line. The range of frequencies where
both conditions are satisfied grows wider as the propagation direction becomes more aligned with B. In
magnetar-strength magnetic fields, scattering-assisted pair creation is possible at frequencies well below the
threshold for resonant excitation to the first Landau level.
Integrating over µf , one finds that the pole in Equation (27) yields the substitution
1
[2m− ωf (1− µ2f )]2
→ pisi
25/2(1 + si)
ω2f/m
5/2
|∆ω′| (|∆ω|+ |∆ω′|)1/2 ;
|∆ω′| ≡
√
∆ω2 + Γ2±/4, (49)
with the other factors evaluated at final frequency and direction (47). With this replacement, we
have an accurate formula for the integral cross section in the vicinity of the divergence; see Figure 6.
Fixing the initial photon propagation direction µi, one can next average over ωi by evaluating the
nonresonant factors in Equation (27) at ∆ω = 0, to obtain the simple result∫
dωi σ(ωi, µi) = 2pi
2r2em
3/2
[
Γ±
(
ωf =
1 + si
si
m, µf =
µi
1 + si
)]−1/2
. (50)
This quantity appears as the green squares in Figure 6.
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To summarize, the cross section for scattering-assisted pair creation is greatly enhanced compared
with the vacuum value (∼ αem · r2e , see Berestetskii et al. 1971) owing to (i) a reduced energy loss to
recoil by the scattered photon and (ii) the availability of rapid pair conversion following scattering.
(In other words, no additional vertex need be included in the diagram to obtain a pair in the final
state.)
The frequency-averaged cross section peaks above Thomson, at a value given by Equation (50),
which can be estimated as
〈
σ
〉
(µi) ∼
∫
dωiσ(ωi, µi)
2m/si
= pir2e · 10
(
B
10BQ
)−1/2
. (51)
This compares with the optical depth to resonant excitation at the first Landau level, which is
(Gonthier et al. 2000; Beloborodov & Thompson 2007)
〈
σ
〉
=
1
r
∫
dr
2pi2e2
mc
δ
(
ω − |e|B
mc
)
∼ 2pi
2r2e
3αem(B/BQ)
= pir2e ·
30
(B/10BQ)
(52)
in a dipolar magnetic field with |d lnB/d ln r| ∼ 3. In a magnetar-strength magnetic field, excitation
to the first Landau resonance generally requires relativistic bulk motion of the scattering charge along
the magnetic field.
4.3. Two-photon Pair Creation
The collision of two photons to form an electron-positron pair (Figure 8) occurs with a dramatically
enhanced cross section in an ultrastrong magnetic field. One can see this using a detailed balance
argument similar to the one given in Section 4.1. The thermal equilibrium density of electrons and
positrons is enhanced by a factor of ∼ B/BQ, whereas the density of photons is not. Since the
annihilation cross section is suppressed by one inverse power of B/BQ (Daugherty & Bussard 1980),
the pair-production cross section grows by ∼ B/BQ.
The cross section is evaluated to all orders in the intermediate-state Landau level by Kozlenkov &
Mitrofanov (1986), and the special case of a longitudinal collision in an ultrastrong magnetic field
is derived by Thompson (2008). The result does not depend on the choice of Dirac spinor basis as
long as the spins of the electron and positron are summed over. Here, we consider the more general
behavior of photon collisions in an ultrastrong magnetic field, where the pair is confined to the lowest
Landau state, and outline the derivation using the spinor basis of Section 2.3.
Figure 8. Feynman diagrams for two-photon pair creation.
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The kinematic constraints on photon collisions are altered by a magnetic field. There is always a
Lorentz frame in which the total longitudinal momentum of the photons vanishes, µ1ω1 + µ2ω2 = 0.
In this frame, the threshold condition for pair creation is ω1 +ω2 = 2m. One observes that a photon
of energy ω1 slightly less than 2m is able to collide with a much softer photon if the harder photon
moves approximately perpendicular to the magnetic field: one requires only that ω2 ≥ |µ1|ω1. This
contrasts with the unmagnetized vacuum, where ω2 ≥ m2/ω1, so that generally ω1 + ω2 > 2m.
Boosting along B to an arbitrary frame, the threshold condition is
(ω1 + ω2)
2 − (µ1ω1 + µ2ω2)2 > 4m2 (γ + γ → e+ + e−). (53)
The total cross section is, in the center-of-momentum frame where pz,− = −pz,+ = pz and E+ =
E− = E,
σ =
pi
|1− µ12|
(
e2
4pim
)2
B
BQ
m4
ω1ω2E
|εz1εz2|2
|pz|
∣∣∣∣ 4pzω1ω2(1− µ1µ2)2 + 4µ1µ2p2z
∣∣∣∣2 . (54)
This lines up with the B  BQ limit of the result given by Kozlenkov & Mitrofanov (1986).
The cross section in an arbitrary Lorentz frame is obtained by expressing rest-frame quantities µi
and ωi in terms of the Lorentz scalars C+ = (ω1 +ω2)
2− (µ1ω1 +µ2ω2)2, C⊥i = (1−µ2i )ω2i (i = 1, 2),
and C× = ω1ω2(1− µ1µ2):
σ=
16pir2e
k1 · k2
B
BQ
√
C+ − 4m2
C
1/2
+
C⊥1C⊥2C2+m
6
[C⊥1C⊥2C+ + 4m2(C2× − C⊥1C⊥2)]2
=
16pir2e
|1− µ12|
B
BQ
√
C+ − 4m2
C
1/2
+ (ω1ω2)
3
C2+(1− µ21)(1− µ22)m6
[C+(1− µ21)(1− µ22) + 4m2(µ1 − µ2)2]2
. (55)
Here, µ12 is the relative direction cosine of the two photons, k1 · k2 = ω1ω2(1 − µ12), and µi, ωi are
evaluated in an arbitrary frame. The dominant correction to the cross section at finite B comes from
a factor
σ → e−λ2B(k2⊥,1+k2⊥,2)/2 σ; k2⊥ = k2x + k2y. (56)
Expression (54) is accurate as long as the colliding photons do not propagate nearly parallel to B,
e.g. as long as (εz)2 & BQ/B. Otherwise, one has (Kozlenkov & Mitrofanov 1986; Thompson 2008)
β · σ = pir
2
e
2ω2
B
BQ
∣∣∣∣ ε+2 ε−1m2(ω + |pz|)2 +m2 + 2|e|B − ε
+
1 ε
−
2m
2
(ω − |pz|)2 +m2 + 2|e|B
∣∣∣∣2 , (57)
once again as measured in the center-of-momentum frame where ω1 = ω2 = ω and β = |pz|/E.
The Lorentz scalar C+ measures how far the photons are above the threshold for pair creation.
For fixed C+ the cross section exhibits a strong dependence on the energies of the colliding pho-
tons, as compared with the Breit-Wheeler cross section as derived in an unmagnetized vacuum (see
Berestetskii et al. 1971):
σ =
pir2e
2
(1− β2)
{
(3− β4) ln 1 + β
1− β − 2β(2− β
2)
}
. (58)
In particular, the cross section is significantly enhanced when one of the colliding photons has a low
frequency (Figure 9). The enhanced ability of a soft photon to remove a hard photon propagating
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Figure 9. Average of the photon collision rate over direction µ2 of the target photon, for a range of photon
energy ω1 and for µ1 = 0.
perpendicular to B implies that photons close to the threshold for single-photon pair creation are
preferentially removed by interactions with soft photons. Averaging over a flat frequency spectrum
of the target photons (Figure 10) also shows a strong divergence in the averaged cross section as ω1
approaches the threshold for single-photon pair creation.
It is worth summarizing the different dependencies of the various pair creation channels on the
strength of the background magnetic field. Whereas photon collisions grow more rapid as B grows,
the resonant and scattering-assisted channels both get weaker. In the last case, the weakening is not
due to any change in the energy of the pole, but rather to the increasing width of the scattered photon.
In magnetar-strength magnetic fields, the single-photon channel is effectively instantaneous when the
photon is above the kinematic threshold, and it will dominate two-body interactions. Which of the
two-body effects most effectively removes hard photons that are below the single-photon conversion
threshold depends on the relative concentration of photons and pairs, as well as the strength of the
magnetic field.
4.3.1. Derivation
The fastest route to a derivation of the cross section for γ+ γ → e+ + e− is to make use of crossing
symmetry and infer the matrix element from that for electron scattering, γ+e± → γ+e±. The cross
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Figure 10. Average of the photon collision rate over target photon direction and energy, weighted by the
frequency distribution of target photons, dn/dω ∝ ωα−1. Black curves: µ1 = 0 and α = −2, −1, 0. Blue
dotted and dashed curves: range of µ1 and a flat energy spectrum (α = −1). Blue solid curve: α = −1 and
µ1 = 0. The rise at low frequencies and the second rise near the threshold for single-photon pair creation
both reflect the strong inverse frequency dependence of Equation (55), with this involving a low-frequency
target photon in the latter case.
section for pair production is then obtained from
σ =
L3/T
|1− µ12|
∫
Lda+
2piλ2B
∫
Lda−
2piλ2B
∫
Ldpz,+
2pi
∫
Ldpz,−
2pi
∑
σ+,σ−
|Sfi|2 . (59)
Here, the outgoing electron and positron and the internal electron/positron lines are all restricted
to the lowest Landau level (σ± = ±1). The matrix element for a process that has a particle φ with
4-momentum pµ in the initial state is the same as the matrix element of a process that has that the
antiparticle φ¯ with 4-momentum −pµ in the final state (Peskin & Schroeder 1995):
Sfi(φ(p
µ) + ...→ ...) = Sfi(...→ ...+ φ¯(−pµ)). (60)
Thus, the initial electron in the scattering process becomes a final positron, and the final photon a
second initial photon. Their momenta are related by
pµi → −pµ+; kµf → −kµ2 , (61)
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along with pµf → pµ− and kµi → kµ1 , following the labeling of states shown in Figures 1 and 8.
Before implementing this procedure, we must write down the scattering matrix element in a
more general frame, where the initial electron is not at rest. One finds, after integrating over the
intermediate-state delta functions in momentum, the following generalization of Equation (37),
Sfi[1] =
−ie2εzi εz∗f
2
√
ωiωfL5
e−ikx,f (af−λ
2
Bky,f/2)e−λ
2
B(k
2
⊥,i+k
2
⊥,f )/4D(ωi, ωf , pz,i, pz,f )
× (2pi)3δ3fi(E, py, pz). (62)
Here,
D =
pz,i[pz,f (Ei + ωi +m) + pz,I(Ef +m)] + (Ei +m)[(Ef +m)(Ei + ωi −m) + pz,fpz,I ]
2
√
EiEf (Ei +m)(Ef +m)[(Ei + ωi)2 − E2I ]
, (63)
and pz,I = pz,i+kz,i, EI =
√
p2z,I +m
2. The expression reduces to Equation (37) after taking pz,i → 0.
Now applying the crossing symmetry and moving into the center-of-momentum frame of the resulting
pair, one finds for the pair-production matrix element
Sfi[1] =
−ie2εz1εz2
2
√
ω1ω2EL5
eikx,2(a2+λ
2
Bky,2/2)e−λ
2
B(k
2
⊥,1+k
2
⊥,2)/4
m(ω1µ1 − 2pz,+)
2ω1(µ1pz,+ − E) + ω21(1− µ21)
× (2pi)3δ3fi(E, py, pz). (64)
(The freedom of choice of background magnetic gauge allows us to set kx = 0 for one but not both
of the colliding photons.) Note also that this matrix element lines up with the B  BQ limit of
the two-photon annihilation matrix element from Daugherty & Bussard (1980), as expected. The
second exchange term in the matrix element (Figure 8) is obtained by interchanging ε1, k
µ
1 with ε2,
kµ2 . Substituting Sfi[1] + Sfi[2] into Equation (59) and setting B  BQ gives Equation (54).
5. TWO-PHOTON PAIR ANNIHILATION
The cross section for the annihilation of an electron and positron into two photons is suppressed
by a factor of ∼ (B/BQ)−1 in the presence of an ultrastrong magnetic field. The full sum over
intermediate-state Landau levels is presented by Daugherty & Bussard (1980). The net rate of pair
annihilation is further suppressed, as we quantify here, by the reconversion of one or both of the
created photons back to a pair. When a photon exceeds the energy threshold (39), this conversion
to a pair is generally very rapid compared with any further two-particle interactions. The net effect
is to reduce the overall annihilation rate within a gas of electrons and positrons; the strength of the
effect grows rapidly as the colliding pairs become mildly relativistic.
We first present an integral formula relating the annihilation cross section to the cross section for
two-photon pair creation, which takes a very simple form when B  BQ. The annihilation cross
section is given by the phase-space integral
σann =
∣∣∣∣pz,+E+ − pz,−E−
∣∣∣∣−1 12
∫
L3ω21dω1dΩ1
(2pi)3
∫
L3ω22dω2dΩ2
(2pi)3
∫
da+
L
∫
da−
L
L3
T
∑
σ+,σ−
|Sfi|2. (65)
The incoming pair and intermediate e± lines are restricted to the lowest Landau state, σ± = ±1.
Two-photon pair annihilation and creation involve essentially the same matrix element, with all
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momenta simply reversed in sign:
|Sfi|2ann = |Sfi|2cre = S20(pz,−, pz,+, ω1, ω2, µ1, µ2) · (2pi)3δ3fi(E, py, pz). (66)
We work in the center-of-momentum frame (pz,− = −pz,+ = pz, E+ = E− = E). Substituting this
into the phase-space integral (59) gives a relation between S0 and the two-photon pair creation cross
section (54),
S20 =
2piTλ2B|pz|
L8E
· |1− µ12|σcre. (67)
Combining Equations (66) and (67) with the integral (65) gives for the annihilation cross section
σann =
λ4B
2
∫
dµ1dµ2
[
ω21ω
2
2
|µ1 − µ2| · |1− µ12|σcre
]
. (68)
A more explicit form for this cross section is obtained by substituting Equation (54) for σcre,
σann =
2pir2e
B/BQ
β
γ2
∫
dµ1dµ2
−|µ1 − µ2|(1− µ21)(1− µ22)
µ1µ2[(1− µ1µ2)2 − β2(µ1 − µ2)2]2 . (69)
Here, β = |pz|/E is the speed of the outgoing electron and positron, and
ω1 =
2Eµ2
µ2 − µ1 ; ω2 =
2Eµ1
µ1 − µ2 . (70)
Demanding that both of the created photons remain below the threshold for pair creation, (1 −
µ2i )
1/2ωi < 2m, restricts the range of {µ1, µ2} in the integral (69). Since µ1 · µ2 ≤ 0 is kinematically
required in the center-of-momentum frame, we focus on the quadrant µ1 ≥ 0 and µ2 ≤ 0. Given a
value of µ1, consider the threshold for photon 2 to pair create, ω2(1 − µ22)1/2 > 2m. Substituting
Equation (70) for ω2, one obtains the range of µ2 in which two photons survive in the final state,
|µ2| > µth(µ1) ≡ µ1(γ
√
1 + µ21β
2γ2 − 1)
1 + γ2µ21
(0 ≤ µ1 ≤ 1). (71)
There is a similar bound µ1 > µth(|µ2|) to avoid pair creation of photon 1. The excluded zones in
the space {µ1, |µ2|} are marked out in Figure 11.
The possibility that both photons convert to pairs opens up when the line µ1 = |µ2| first intersects
the curve (71), which happens when γ = 2. Then the entire zone
µ1, |µ2| < µmin =
(
1− 4
γ2
)1/2
(γ > 2) (72)
is excluded. Combining these bounds and setting µmin = 0 for γ < 2 gives the full integral for final
states in which both photons remain below threshold for conversion to a pair,
σann =
8pir2e
B/BQ
β
γ2
∫ 1
µmin
dµ1
µ1
∫ µ1
µth(µ1)
d|µ2|
|µ2|
(µ1 + |µ2|)(1− µ21)(1− µ22)[
(1 + µ1|µ2|)2 − β2(µ1 + |µ2|)2
]2 . (73)
Just as in the case of two-photon pair creation, the dominant finite-B correction to this formula
comes from the exponential factor (56).
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Figure 11. In each panel, the left shading marks the zone where photon 1 (µ1 ≥ 0) is above threshold
for pair conversion. The right shading marks the zone where photon 2 (µ2 ≤ 0) is above threshold. These
zones are excluded from the integral (69). Left panel: colliding e± each have energy γ = 1.3 in the center-
of-momentum frame. Right panel: γ = 2.5 > 2; both photons convert to a pair in the overlapping shaded
zone.
The evaluation of the integrals in Equation (73), as a function of the Lorentz factor of the incoming
electron and positron, is shown in Figure 12. The behavior at low γ lines up qualitatively with
the result of Daugherty & Bussard (1980), who found that the annihilation cross section at rest
decreases with increasing B. The decrease in the cross section beyond γ − 1 ∼ 0.1 is due to the
growing restriction on the final photon phase space from reconversion to a pair. A combined analytic
and numerical fit, valid up to γ ' 2, is
σ =
8pir2e
B/BQ
β
γ2
[
5
9
− 1.29116β2 − 0.0886β4 − ln(β)
(
4
3
+ 0.93634β2 + 4.53916β4
)]
. (74)
(Here, the leading linear term and the leading term proportional to ln(β) inside the brackets are
derivable analytically in the low-β regime.) The sharp cutoff at higher γ is fitted as
σ =
8pir2e
B/BQ
1
γ6
(
1 +
2.84
γ2
+
82
γ6
)
(75)
for γ & 2, with the leading term representing an analytic fit.
6. SUMMARY
We have derived and analyzed the rates of several key electromagnetic processes in the presence
of an intense magnetic field: photon-electron scattering, one- and two-photon pair creation, and
two-photon annihilation. The results are presented in a form that makes them easy to apply to
the analytical and numerical study of systems such as the inner magnetospheres of the soft gamma
repeaters and anomalous X-ray pulsars, and the collisions of strongly magnetized neutron stars. The
basic approximation made (restricting real and virtual e± to the lowest Landau state) is shown to be
an excellent approximation over a significant range of magnetic field strengths, (10− 102)BQ.
A summary of our main results follows.
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Figure 12. Net cross section for two-photon annihilation, as a function of the kinetic energy of the incoming
electron and positron as measured in the center-of-momentum frame. Only final photon states that are below
the threshold (39) for single-photon pair creation contribute to the phase-space integral in Equation (73).
The sharp drop at γ & 2 represents the rapidly shrinking phase space for non-pair-converting photons.
1. The total cross section for electron-photon scattering rises monotonically with photon energy
at fixed photon direction, especially for ωi & m (Figures 3 and 4). The spike in the cross section
resulting from a u-channel pole (corresponding to final photon energy ωf (1−µ2f ) . 2m) is quantified.
2. The dominant finite-B correction to the rates of electron-photon scattering, two-photon pair
annihilation, and two-photon pair creation is identified (Equations (31) and (56)).
3. The rate of single-photon pair creation into the lowest Landau level is determined (Equation 43),
based on a detailed balance argument and the single-photon annihilation rate computed by Wunner
(1979) and Daugherty & Bussard (1980). This controls the width of final photon states above the
threshold for pair creation and helps to determine the rate of scattering-assisted pair creation.
4. Accurate analytic approximations to the strongly peaked cross section for scattering-assisted pair
creation (Figure 6) are presented in Equations (49) and (50). These results will be a useful ingredient
in future (e.g. Monte Carlo) approaches to photon-electron interactions outside magnetars, given the
challenge in accurately sampling the narrow peak in the cross section.
5. The kinematic constraints on scattering-assisted pair creation, γ + e± → e+ + e− + e±, are
determined (Figure 7).
6. A simplified expression for the rate of two-photon pair creation into the lowest Landau state is
presented, constructed in terms of invariant quantities involving the photon 4-momenta (Equation
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(55)). This cross section is greatly enhanced compared with an unmagnetized vacuum, by a factor
of ∼ B/BQ (Figure 10).
7. The cross section for the two-photon annihilation of an e± pair is expressed in terms of an
integral over the cross section for two-photon pair creation (Equation (69)).
8. The kinematic constraints on reconversion to a pair following two-photon annihilation are derived
(Equations (71) and (72)). The suppression of pair annihilation is evaluated as a function of the
kinetic energy of the colliding electron and positron (Figure 12). Accurate fitting formulae to the net
cross section for pair annihilation are provided (Equations (74) and (75)).
9. The distinction between Johnson-Lippmann and Sokolov-Ternov electron/positron wave func-
tions is clarified: the latter are continuously related by a Lorentz boost to the wave functions with
vanishing pz (Equation (14)).
An evaluation of the rates of electron-positron scattering, e±-ion scattering and relativistic e±-ion
bremsstrahlung can be found in Kostenko & Thompson (2018).
This work was supported by the NSERC of Canada. A.K. thanks NSERC for graduate fellowship
support.
APPENDIX
A. ELECTRON SCATTERING MATRIX ELEMENT
Here, we evaluate the vertex integrals I1-I4 given by Equations (35) and (36). Each involves a
contraction of the matrix (21) with the spinors (16). We include only the lowest term (nI = 0) in the
sum over Landau levels in the Green function (19), with the outgoing electron also being confined to
the lowest Landau state. The quantities which appear in the integrals I1 and I3 are[
u
(−1)∗
0,aI
]T
γ0γµε
µ
i u
(−1)
0,ai
= εzi
pz,i(EI +m) + pz,I(Ei +m)
2L2[EI(EI +m)Ei(Ei +m)]1/2
φ0(x− ai)φ0(x− aI); (A1)
[
v
(−1)∗
0,aI
]T
γ0γµε
µ
i u
(−1)
0,ai
= −εzi
pz,ipz,I + (EI +m)(Ei +m)
2L2[EI(EI +m)Ei(Ei +m)]1/2
φ0(x− ai)φ0(x− aI). (A2)
Next, we integrate over x to obtain I1 and I3, making use of the integral formula (30):
I1 = ε
z
i e
−λ2Bk2⊥,i/4 eikx,i(ai+aI)/2
pz,i(EI +m) + pz,I(Ei +m)
2L2[EI(EI +m)Ei(Ei +m)]1/2
(2pi)2 δ
(
aI − ai
λ2B
+ ky,i
)
×δ(pz,i + kz,i − pz,I);
(A3)
I3 =−εzi e−λ
2
Bk
2
⊥,i/4 eikx,i(ai+aI)/2
pz,ipz,I + (Ei +m)(EI +m)
2L2[EI(EI +m)Ei(Ei +m)]1/2
(2pi)2 δ
(
aI − ai
λ2B
+ ky,i
)
×δ(pz,i + kz,i + pz,I).
(A4)
The integrals I2 and I4 are obtained by interchanging Ei, pz,i, ai, and ε
z
i with Ef , pz,f , af , and (ε
z
f )
∗
in these expressions. We can choose kx = 0 in the initial (but not the final) state, given the freedom
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in the definition of the background magnetic gauge. Substituting these expressions for I1-I4 into the
integral (34) gives the expression (37).
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B. ERRATUM
This erratum is printed separately in the Astrophysical Journal, and is included for convenience
as an Appendix in this arXiv version of the paper. The rate (43) of single-photon pair creation,
γ → e+ + e− (derived in Section 4.1), and the cross section (54) for two-photon pair creation,
γ + γ → e+ + e− (derived in Section 4.3), are both corrected upward by a factor of 2 as the result of
an undercounting of the phase space of the created electron and positron. The cross section for two-
photon pair annihilation does not change, meaning that the integral relation (68) must be adjusted
by a factor of 1
2
.
B.1. Single-photon Pair Creation
The rate for γ → e+ + e−, with both electron and positron confined to the lowest Landau level,
has been obtained from the cross section for single-photon pair annihilation using a detailed balance
argument. The right-hand side of Equation (42) must be augmented by a factor 2 to account for
annihilations of both left-moving positrons with right-moving electrons, and right-moving positrons
with left-moving electrons. Then the single-photon pair creation rate (43) must also be adjusted
upward by a factor 2, becoming
Γ±(ω, θ) = 4αem
B
BQ
m4
ω2⊥(ω
2
⊥ − 4m2)1/2
e−(BQ/2B)(ω⊥/m)
2
sin θ; ω⊥ = ω sin θ. (B5)
This result can be derived alternatively directly from the matrix element,
Γ± =
1
T
∫
L
dpz+
2pi
∫
L
dpz−
2pi
∫
L
da+
2piλ2B
∫
L
da−
2piλ2B
|Sfi|2, (B6)
where
Sfi = −ie
∫
d4x
[
Ψ¯
(−1)
− (x)
]
pz−,0,a−
γµA
µ(x)
[
Ψ
(+1)
+ (x)
]
pz+,0,a+
. (B7)
The contraction of the Dirac spinors with the polarization tensor is easy to work out when the final-
state e+ and e− are both in the lowest Landau state. Making use of the normalzation relation (30)
and substituting the wavefunctions from Section 2 gives
Sfi = −ie ε
zm
E(2ω)1/2L7/2
e−λ
2
Bω
2/4 · (2pi)3δ3fi(E, py, pz) (B8)
for an O-mode photon propagating perpendicular to the background magnetic field (εz = 1; pz+ =
−pz−; E+ = E− = E). Then
Γ± =
e2m2
4piE2ωλ2B
e−λ
2
Bω
2/2
∫
da+
L
∫ ∞
−∞
dpz+ δ(2E+ − ω). (B9)
This agrees with Equation (B5) after we substitute E = ω/2.
As a result of this correction, the resonant peaks in Figure 6 are adjusted downward by a factor
1/
√
2.
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B.2. Two-photon Pair Creation
The cross section for γ+γ → e+ + e− has been obtained by integrating the squared matrix element
over the longitudinal momenta pz,± of the created electron and positron. The result in Equation (54)
describes the creation of a pair with longitudinal momenta pz,+ = −pz,− of a single sign. It must be
raised by a factor of 2 to represent the total cross section for the creation of a pair with pz,+ = −pz,−
either positive or negative. Then
σ =
2pi
|1− µ12|
(
e2
4pim
)2
B
BQ
m4
ω1ω2E
|εz1εz2|2
|pz|
∣∣∣∣ 4pzω1ω2(1− µ1µ2)2 + 4µ1µ2p2z
∣∣∣∣2 (B10)
in the center-of-momentum frame, and
σ=
32pir2e
k1 · k2
B
BQ
√
C+ − 4m2
C
1/2
+
C⊥1C⊥2C2+m
6
[C⊥1C⊥2C+ + 4m2(C2× − C⊥1C⊥2)]2
=
32pir2e
|1− µ12|
B
BQ
√
C+ − 4m2
C
1/2
+ (ω1ω2)
3
C2+(1− µ21)(1− µ22)m6
[C+(1− µ21)(1− µ22) + 4m2(µ1 − µ2)2]2
(B11)
in an arbitrary Lorentz frame boosted along B. The curves in Figures 9 and 10 must also be shifted
upward by a factor 2. These corrected expressions line up with the B  BQ limit of the result given
by Kozlenkov & Mitrofanov (1986), which was presented as a partial cross section for the emission
of a positron and electron each with pz of a single sign.
The cross section for two-photon pair annihilation does not change. It was obtained by direct
calculation as well as indirectly from the cross section for two-photon pair creation by the method of
Section 5. The prefactor in the integral equation (68) must be corrected downward by a factor of 1
2
to compensate for the factor of 2 increase in σcre, giving
σann =
λ4B
4
∫
dµ1dµ2
[
ω21ω
2
2
|µ1 − µ2| · |1− µ12|σcre
]
. (B12)
Note also that Equation (67) for the squared matrix element was correct in the published article.
The relation (B12) above can also be obtained by a detailed balance argument. One writes for the
reaction e+ + e− ↔ ω1 + ω2
(1 +Nγ1)(1 +Nγ2)|β+ − β−| d
2σann
dµ1dµ2
∆µ1∆µ2 · 2 dne+
dpz,+
∆pz,+
dne−
dpz,−
∆pz,−
= (1−N+)(1−N−)|1− µ12|σcre · 1
2
d2nγ
dω1dµ1
∆ω1∆µ1
d2nγ
dω2dµ2
∆ω2∆µ2. (B13)
The factor of 2 on the left-hand side counts the two signs of pz for electrons and positrons, and
the factor of 1
2
on the right-hand side takes into account the indistinguishability of the two photons
produced in an annihilation event. We substitute
dne±
dpz,±
=
eB
(2pi)2
N± =
eB
(2pi)2
1
eE±/T + 1
;
d2nγ
dω1,2dµ1,2
=
ω21,2
(2pi)2
Nγ1,2 =
ω21,2
(2pi)2
1
eω1,2/T − 1 (B14)
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Figure 13. Correction to Figure 9. The curves are raised by a factor of 2 from those in the published
article.) Average of the photon collision rate over direction µ2 of the target photon, for a range of photon
energy ω1 and for µ1 = 0.
for a thermal plasma, along with ω1 +ω2 = E+ +E− and the Jacobian factor ∆ω1∆ω2/∆pz,+∆pz,− =
|β+ − β−|/|µ1 − µ2|. The factors involving the occupation numbers N± and Nγ1,2 cancel, and we
obtain
d2σann
dµ1dµ2
=
λ4B
4
[
ω21ω
2
2
|µ1 − µ2| · |1− µ12|σcre
]
. (B15)
B.3. Minor Corrections
Labels in Figure 5: “Eq. (26), (30)” should be “Eq. (27), (31)”
Sentence before Equation (55): “rest-frame quantities” should be “center-of-momentum frame
quantities.”
Sentence before Equation (70): “outgoing electron and positron” should be “incoming electron and
positron.”
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Figure 14. Correction to Figure 10. The curves are raised by a factor of 2 from those in the published
article. Average of the photon collision rate over target photon direction and energy, weighted by the
frequency distribution of target photons, dn/dω ∝ ωα−1. Black curves: µ1 = 0 and α = −2, −1, 0. Blue
dotted and dashed curves: range of µ1 and a flat energy spectrum (α = −1). Blue solid curve: α = −1 and
µ1 = 0. The rise at low frequencies and the second rise near the threshold for single-photon pair creation
both reflect the strong inverse frequency dependence of Equation (55), with this involving a low-frequency
target photon in the latter case.
The expressions in the Appendix are constructed from electron/positron spinors using a different
phase convention than the one displayed in Equation (16). As a result, Equations (A1) and (A3)
should be multiplied by −1, and Equations (A2) and (A4) should be multiplied by i, with an ad-
ditional factor of −1 for I4. This shift in spinor phase convention does not affect any of the results
presented in the paper.
